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Abstract
In this paper the Sturmian Comparison Method is developed for the
first order neutral differential equation of the type

) = [yt +1) - POy + Q@) +1-0)=0, c20. (1)

Using this method, a general theorem is proved on the location of zeros
of (1), which is then applied to obtain two concrete results. The first
one of them turns out to be the best possible in the case where P and Q
are constants. The second one is concerned, for the first time, with the
oscillation theory of first order neutral differential equations, in the case
where the coefficient Q(%) is oscillatory.

1 Introduction

In the present paper we investigate oscillation properties of the first order neutral
differential equation of the type

U(y) := [yt +1) = P(t)y()] +Qt)y(t+1-0) =0, o >0, (1)

where P : [a,b] — R and Q : [a,b] — R are continuous.



Throughout the paper we will denote
p:=max{l,c — 1}, pp:=max{0,0—1} (2)

and will suppose that b—a > p. Under a solution of Eq.(1) it will be understood
a continuous function y : [@ — pg, b + 1] — R such that [y(t + 1) — P(¢)y(¢)] is
continuously differentiable and Eq.(1) is fulfilled on [a, b].

The main tool in our investigation will be the Sturmian Comparison Method
which, as it is well known, was the starting point for all the oscillation theory.
The two classical Sturmian theorems for second order ordinary differential equa-
tions read as follows.

Theorem A (The Fundamental Sturm Comparison Theorem) Leta, b
be two adjacent zeroes of a solution y of the equation

¥’ +p(t)y =0, (3)

and let
q(t) = p(t) on [a,b].

Then any solution of the equation
2" +¢(t)z=0 (4)
has at least one zero on [a, b].

Corollary Al (The Sturm Oscillation Comparison Theorem) Ifg(t)>
p(t) on [to, +o0) and all solutions of Eq.(3) are oscillatory, then all solutions of
Eq.(4) are also oscillatory.

Note that these statements radically differ from each other. Theorem A,
describing properties of solutions on a finite interval, has local character while
Corollary A1l refers to global properties of solutions on the half-axis. It should
be noted that just the latter is known in the literature under the name of Sturm
comparison theorem and it is generalized in many directions (for nonlinear dif-
ferential equations, higher order equations, delay differential equations etc.).
Corollary Al was generalized for neutral differential equations as well (see, for
example, [1], Section 3.4). It should be noted, however, that Corollary Al
and its generalizations, unlike Theorem A, cannot give any information about
location of zeros of solutions.

The first generalization of Theorem A for delay differential equations ap-
peared in [2]. The method elaborated therein was called Sturmian Comparison
Method and was stated in detail in [3], Chapter 4. First generalizations of The-
orem A for neutral differential equations were published in [4] (for Eq.(1) with
o =0) and in [5] (for second order neutral differential equations). The complete
exposition of [5] can be found in [6], Section 3.5, as well. In the present paper
we continue the investigations in the direction begun in [4].



2 Sturmian Comparison Method for neutral dif-
ferential equations

The object to compare Eq.(1) with is the “testing” inequality
{z)(t) = =2t —1)+ P(t)2'(t) + Q¢ — 1+ 0)2(t —1+0) >0 on [a,b], (5)
where Q: [a — 1+ 0,b— 1+ 0] — R is continuous.

A solution of Ineq.(5) is a continuously differentiable function z : [a — 1,b +
po) — R satisfying it everywhere on [a, b].

Let now the functions y : [a —pg, b+1] — Rand z: [a—1, b+ po] — R be
any solutions of Eq.(1) and Ineq.(5), respectively. Multiply Eq.(1) by z(¢) and
Ineq.(5) by y(t), subtract and integrate over [a, b]. Using integration by parts,
we obtain the following identities. For 0 < ¢ < 1:

b b b—(1-0) }
/ Wie=ed= [ Eouod+ [ QO-GOeE+1- )i+

a b
+]-1 y(t+1)2'(t)dt — /;_1 y(t + 1)2'(t)dt + 2(b) [y(b + 1) — P(b)y(b)] —

~=(@ly(a+1) -P@y@] - [ Qey+1- o))+

, a—=(1l-0)
& f Q)u(t + 1 — o)z()dt, ©6)
b—(1-g)
foro>1:
b b b ;
| iede= f Eepd+ [ Q0 - Qe+ 1-o)ata +
a a a+(c—1)

a b
+ f y(t + 1)/ (£)dt — / y(t + 1)/ (8)dt + 2(B)[u(b + 1) — P(B)y(B)] —
a=1 b—1

b+(o—-1) _

2(@)ly(a+1) — P(a)y(a)] - fb O()y(t +1 - o)=(t)dt +

a+(oc—1)
+ f Qt)y(t +1 — 0)z(t)dt, (7)

and foro=1:
b b b _
[ wwa = [ Eowe + ] Q) — O@)y(®)=(t)de +

a b
+/ y(t+1)2'(t)dt — ] y(t +1)2'(t)dt + z(b)[y(b + 1) — P(b)y(b)] —
a=—1 b-1
-z(a)[y(a + 1) — P(a)y(a)]. (8)

These identities play a crucial role in proving the following statement in the
form of Theorem A. It combines three cases: 0 <o <1,0>1and o =1.



Theorem 1 Let the functions Q : [a,b] — R and Q : la+o-1,b+c—-1]— R
be such that

1° for0<o<1: Q@) 20 on [a—(1-0)a,
forog >1: Q#)=0 on [bb+(c—1)], (9)
fora=1: no restriction on the sign of Q;

: Q(t) onte[a,b—(1-0)],
?-ﬁwSJsl-Q@B{o ontefb-(1-0),b]

(10)
_ 0 on tE€la,a+(c—1)],
foro >1: Q(t)z{é(t) onh e fabile =1, B
30 : Ineq.(5) has at least one solution z defined on [a — 1,b+ po) such that
(1) z(a) =z(b) =0, 2(t)>0 on (a,b); (11)
for0<o<1:2(t) <0 on [a—(1-0),a]
(31) fore>1:2(t) <0 on [bb+ (o —1)], (12)
foro=1: no restriction;
(i13)  2'(t) >0 onla—1,a]and Z'(t) <0 on [b—1,B]. (13)

Then Fq.(1) has no positive solution on (a — po,b + 1). In other words, any
solution of Eq.(1) has a zero on (a — po, b+ 1).

Proof Suppose that on [a — po, b + 1] there exists a positive solution y of
(1) and for y and zwrite out (6), (7) or (8). The left-hand side is zero while
all the terms in the right-hand side are nonnegative, at least two of them being
strictly positive. This contradiction proves Theorem 1. =

3 Constructing of the “testing” inequalities

Theorem 1, like any comparison theorem, is uneffective since such is the ex-
pression “If Ineq.(5) has a solution z satisfying ...”. The problem now is to
formulate, in terms of the coefficients P and @ effective conditions for the
existence of such a z. Lemma la and Lemma 1b below are examples of such

conditions.

Lemma la Leto # 1, ¢ : [a—1,b+ po] —]0, +00] be an arbitrary continuous
function such that

[ ot=r,

and let a continuous function k : [a — 1,b + po) — R satisfy

t+o—1
/ (p(t)dtJ <m te€la—1,b, (14)




k() < wl(t) cot f " o(s)ds on [a—1,a),

5 (15)
E(t) < (t) cot-/ w(s)ds on [b—1,b).
t
Let, moreover, P : [a,b] — R satisfy
R(t,o)sgn(c —1) >0 on[a,b] incase oc#1, (16)

where

R(t,0) = exp (— ./a; k(s)ds) [tp(t —1)cos /tia_l w(s)ds—
t+o—1

—k(t —1)sin ./t-1 w(s)ds] -

t+o—1

t4o—1 ’
_P(t) [ga(t) - /t Gl ft <p(s)ds] fort € [a,b],(17)

andlet @:[a+ 0o —1,b+0 — 1] — R be defined by

Q(t+ 0 —1) := cosec (/:W_l (,o(s)ds) {exp (— ft:-d—l k(s)ds) b%

X [Lp(t —1)cos -/: o(s)ds — k(t — 1) sin /:l (,o(s}ds] -

-1

—P(t)p(t) exp (— /;Ha-l k(s)ds) } fort € [a,b). (18)

Then the function z(t) = exp (f: k(s)ds) sin f: @w(s)ds is a solution of Ineg.(5)
on [a,b] satisfying (11)—(13). If, in addition,

fortela,a+1—-0] incase0<o<1
forte[b—(c—1),b] incasec >1 ’

L(t) := exp (— ft il k(s)ds) x

X [ga(t —1)cos [il p(s)ds — k(t — 1)sin /til go(s)ds} — P()k(t), (20)

L(t)sign(c —1) >0 { (19)

where

then Ineq.(5) can serve as a “testing” inequality in the sense of Th.l.



Proof We have
Z'(t) = exp (/ﬂt k(s)ds) [lp(t) cos /: w(s)ds + k(t) sin /: w(s)ds]

for t€[a—1,b+ pol,

z(t+o—1)=exp(f: (s)ds)exp( t+ ~ ks) ds)x

t+o—1 T t+o—1 t
X [sinf go(s)dscosf cp(s)ds+cos/ ©o(s) dssmf ©(s) ds]
t a

for ¢ € [a,b],

Z'(t—1)=exp (./: k(s)ds) exp (— ft; k(s)ds) X

X { [tp(t —1)sin /:l w(s)ds + k(t — 1) cos _/:‘1 cp(s)ds] sin /: w(s)ds+

+ [cp(t —1)cos [til w(s)ds — k(t — 1) sin ftil c,a(s)ds} cos /: Lp(s)ds}

for t € [a,b].

Substituting all this into (5), we see that the following inequality must be fulfilled

A(t) sin ft @(s)ds + B(t) cos /t (s)ds >0 for t € [a,b], (21)
where
A(t) := Q(t+ o —1)cos fH-g—l w(s)ds + P(t)k(t) exp (— /t+o-1 k(s)ds) -
t t
t4o—1 t
—exp (— ftvl k(s)ds) |:cp(t — 1)sin /t—l w(s)ds+
+k(t — l)cosf (,o(s)ds] for t € [a,b], (22)
t-1

t+o—1

Bys= G o= T)sin ft o(s)ds + P(t)o(2) exp (— /t e k{s)ds) =

—exp (— lijo-l k(s)ds) |:<p(t — 1) cos /til w(s)ds—

—k(t — 1) sin /t w(s)ds] for t € [a,b]. (23)
i1
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By (18) we have B(t) = 0 and therefore Ineq.(21) is equivalent to
i
A(?) sinf w(s)ds > 0 for t € [a,b)]. (24)
a

Using (22), (18) and (17), after some calculations we get

A(t) sin ]:-M—l @(s)ds = R(t, o) exp (—- [Ha_l k(s)ds) for t € [a,b],

so in view of (14) the inequality (24) follows from (16). Therefore z satisfies (5)
on [a, b].

The conditions (11) and (12) obviously follow from (14). As to (13), it can
be easily checked that the conditions 2'(t) > 0 on [a — 1,a) and 2'(t) < 0 on
[b—1,b) coincide with (15).

In view of (15) and (19) we obtain (9) for @ defined by (18). Therefore
Ineq.(5) can serve as a “testing” inequality in Th.1. m

Lemma 1b Leto =1, ¢ : [a — 1,b] — (0,400) be an arbitrary continuous
function with f: @(t)dt = m and let a continuous function k : [a,b] — R be
such that the equality

L(t) =0 for t € [a,b] (25)

holds with L defined by (20). Let, moreover, (15) hold and Q in Ineq.(5) satisfy

Q(t) > exp (— til k(s)ds) X

X [cp(t —1)sin ./:1 w(s)ds — k(t — 1) cos ft—1 qa(s)ds]

—P(t)k(t) fort € [a,b]. (26)
Then the statement of Lemma la is true and Ineq.(5) can serve as a “testing”

inequality in Th.1.

Proof Analogously to Lemma la we obtain (21) with

A(t) = O(t) + P&)k(t) — exp (- /t ; k(s)ds) %

% |iga(t - 1)sinftil w(s)ds — k(t — l)cos/t

-1

o(s)ds|

and B(t) = —L(t) = 0.
In view of (25) and (26) Ineq.(21) yields (24). In view of (9) no additional
condition is needed for the case o = 1. m

Remark 1 Theorem 1 and Lemma la for the case o = 0 were formulated and
proved in [{] (see also (2], Chapter 2).



Now we formulate the main oscillation theorem and its corollary.

Theorem 2 Suppose that there exist continuous functions ¢ : [a—1,b+ pg] —
10, +00[ and k : [a —1,b+ po] — R such that the conditions (14)-(20) for o # 1
((25)-(26) for ¢ = 1) are satisfied. Let, moreover, Cond.2° of Theorem 1 hold.
Then any solution of Eq.(1) has at least one zero on (a — po, b+ 1).

Corollary 1 Let there exist a sequence [an, br] of disjoint intervals such that the
conditions of Theorem 2 hold on each of them and a, — +00 as n — o0o.Then
all solutions of Eq.(1) are oscillatory and any solution has at least one zero on
each (an — po,bn + 1).

4 Some effective criteria

Everywhere in this section we will assume that ¢ # 1.
1°. Let some constants k and v satisfy

v 144

<k< fo0<e<l,
tan(l — o)v tanv
k fl<o<2
<tanvy S \2%)
L —— ifo>2
tan(c — 1) v
and
O<vp<m, (28)

where p is defined by (2). If we put b = a + /v, k() = k, ©(t) = v, then the
conditions (14) and (15) are evidently satisfied. Further, define

Wi ] = vecosov — ksinov &

; (29)

veos(oc —1)v—ksin(c—1)v

veosv — ksinv — Vekp(t)
Nlk,v; P(t)] = e*osin (o — 1) v : .

Theorem 2 implies the following

Corollary 2 Let o # 1 and (27) and (28) be fulfilled. Assume
(P(t) — M [k,v]) sign(c —1) <0 on [a,a - 2;—] : (31)

Qt—o+1) 2 Nk,»; P(t)] on [a,0+ g] : (32)

where M [k,v] and N [k, v; P(t)] are defined by (29) and (30), respectively. Then
any solution of Eq.(1) has a zero on the interval (a — po,a + Z + 1).



Proof As we have already noted, (14) and (15) take the form (27) and (28).
Further, (16) takes the form (31), and (18) yields

Qt—o+1)= N[k,v; P(t)].
As to (19), in our case it is equivalent to

[P(t) = (cosr/ - gsinz/)] sign(c —1) <0on [a,a+ g] ;

and follows from (31) since

[ veosov — ksinor

k
— i ol - _ <0.
veos(o—1)v—ksin(c —1)v (COSV = Sm”)} sign(c —1) <0

Indeed, in view of (27), it is easy to see that the last inequality is equivalent to

V2 + k2

sin (¢ — 1) vsinvsign (o — 1) <0,

which, by (28), is obviously true. Therefore all the conditions of Theorem 2 are
fulfilled , and the proof is complete. =
Let now P and @ be defined in a neighbourhood of +co0 and k satisfy

ia<k<1 f0<o<l1
] ifl<o<2, (33)
k< il ifo>2.
c—1
Since ; k
= i - e -k
M [k, 0] '-wll»ngoM[k’U}—l—{a—l)ke A (34)
k2e—a'k
N = li : =
[k,0] yll.néoN[k’ v; M [k, v]| e (35)
in view of Corollary 2, from the last proposition it easily follows
Corollary 3 Let
sup{P(t) — M [k,0]}sign(c — 1) <0,
(36)
inf{Q(t—c+1)} > N[k,0],

where M [k,0] and N [k, 0] are defined by (34) and (35), respectively. Then any
solution of Eq.(1) is oscillatory.

Remark 2 This statement is sharp since, as one can easily check, the Eq.(1)
with P(t) = M [k,0] and Q(t) = N [k,0] has an eventually positive solution
y(t) = e*.



2°. Now suppose that 0 < ¢ < 1 and let k(t) := csinmt with 0 < ¢ < 1,
so k(t)is a l-antiperiodic function, that is k(t + 1) = —k(t). Let ¢(t) := v be
sufficiently small. It can be easily checked that the conditions (14) and (15) are
satisfied. According to (17) and (18), define

L vcosov — k(t — 1) sinov ¢ _
By # = veos(l—o)v+k(t)sin(l — o)y =0 (— ]til k(s)ds) N

vcosov + csinovsinat 2¢

- exp (? cos.wt) ., (37)

veos(l — o) v+ csin(l — o)vsinnt

Qli—L~0)s=
. . . t—1l—0
[ - k()] sinv — k(@) cosv (- [, kssas) =

" veos(l—o)v+csin(l —o)vsint -1

vcosv — esinnt [2 cos v + csin wtSBY 2 . 7o
= [ T ] exp (— sin — sin(7t + E). (38)
cos (1 — o) v + csinmt T2 ™ 2 2

The uniform limit of Q(t — 1 — o) as v — 0 equals

—csint (2 + csinwt)
1+c¢(l—o)sinwt

so we see that if v is sufficiently small, the condition Q(¢) > 0 holds on
[a—1+o0,a] fora =2n+1,n € N (not for any a !). As for the condition
Q(t) = 0on [a+Z —1+0,a+ Z] (under supposition @ > @), it can be ensured
by choosing an appropriate v, namely, v = 575, k € N. Therefore all conditions
of Theorem 2 are valid. So we see that the following statement is true

Corollary 4 Let0 <o <l,a=2n+1, v = T’ll, where n, k € N with k
sufficiently large. Let, moreover, P and Q be defined by (37) and (38), respec-
tively. Then every solution of Eq.(1) with Q(t) > Q(t) on [a,a + Z] has at least
one zero on (a,a+ I +1).

Remark 3 Note that Q(t) = Q(t) does not preserve sign on the whole (a,a+Z).
As far as we know, such a result with an oscillating coefficient is the first one
in the oscillation theory for neutral differential equations.
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